Lecture 6:
Neural Networks
Backpropagation
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Neural networks: hierarchical computation
(Before) Linear score function: f = Wz
(Now) 2-layer Neural Network  f = W max(0, Wiz)

X W1 |ph| W2 |g

3072 100 10

reRP W, e REXDP W, ¢ REXH
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Neural networks: learning 100s of templates
(Before) Linear score function: f = Wz
(Now) 2-layer Neural Network ~ f = W5 max(0, Wiz)

X W1 |ph| W2 |g

3072 100
Learn 100 templates instead of 10. Share templates between classes
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Plugging in neural networks with loss functions

s = f(x; Wy, Wy) = Wymax(0, Wix)Nonlinear score function
L; = Z max(0,s; — sy, +1) SVM Loss on predictions
JFYi

R(W) = Z W} Regularization
k

N
L = % Z L; + A\AR(W) + )\R(W2)Total loss: data loss + regularization
i=1

Subhransu Maji and TAs Lecture 6 - 4 Feb 17, 2026

Some slides kindly provided by Fei-Fei Li, Jiajun Wu, Erik Learned-Miller



Problem: How to compute gradients?

s = f(x; Wy, W3) = Woymax(0, Wiz) Nonlinear score function

L, = Z max(0,s; — sy, +1)  SVM Loss on predictions
JFYi

R(W) = Z W7 Regularization
k

N
L = % Z L; + AR(W;) + AR(W,) Total loss: data loss + regularization
i=1

oL OL

If we can compute
PUe ow o,

then we can learn W, and W,
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(Bad) Idea: Derive Vs L on paper

s= f(z; W) = Wa Problem: Very tedious: Lots of

matrix calculus, need lots of paper
L, = z max (0, s; — s, + 1) pap

i#Yi Problem: What if we want to
= max(0, W, -a+ W, .-z +1) change loss? E.g. use softmax
iy instead of SVM? Need to re-
N derive from scratch =(
1
L=—=Y Li+AY W} _
N = . Problem: Not feasible for very
| N complex models!
=N Z Z max(0,W;.-a+W,,.-x+1)+ A Z W
i=1j#yi k

i=1 j#y,

N
1
VwL =Vw (F E E max(0,W;.-a+W,, . x+1)+ A E I»'V,f)
k

Subhransu Maji and TAs Lecture 6 - 6 Feb 17, 2026

Some slides kindly provided by Fei-Fei Li, Jiajun Wu, Erik Learned-Miller



Better Idea: Computational graphs + Backpropagation

f=Wgz| [Li =), max(0,s; — sy, +1)

I

/ @ s (scores) - @— ]
e

\/R(W)
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Convolutional network
(AlexNet) .

iInput image

weights e

loss

Figure copyright Alex Krizhevsky, Ilya Sutskever, and
Geoffrey Hinton, 2012. Reproduced with permission.
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Really complex neural networks!!

iInput image/

loss

\

\..

Figure reproduced with permission from a Twitter post by Andrej Karpathy.
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https://twitter.com/karpathy/status/597631909930242048?lang=en

Neural Turing Machine

Subhransu Maiji and TAs

Figure reproduced with permission from a Twitter post by Andrej Karpathy.
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https://twitter.com/karpathy/status/597631909930242048?lang=en

Solution: Backpropagation
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Backpropagation: a simple example

f(z,y,2) = (z +y)z
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Backpropagation: a simple example | x

f(z,y,2) = (z +y)z
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Backpropagation: a simple example X -2

f(2,9,2) = (= +9)2 DQ

eg.x=-2,y=95,z=-4

=12
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Backpropagation: a simple example | x 2

fewnd=@en: | OO

eg.x=-2,y=5z=-4 2
z -4
q=—+Yy %:1,%:1
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Backpropagation: a simple example

f(z,y,2) = (z +y)z
eg.x=-2,y=95,z=+4

=12

of _ of

f=gz 9 2,5, =4

Subhransu Maiji and TAs
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Backpropagation: a simple example

f(z,y,2) = (z +y)z
eg.x=-2,y=95,z=+4

=12

_ 9 . 0Oq _
=21y 5 =Lz =1
of of
f=4qz %0 =% =4
. Of of of
Want: g S e

Subhransu Maiji and TAs
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Backpropagation: a simple example

fond=@en: | OO

eg.x=-2,y=95,z=-4

f -12
P P z 4 [
_ g . 09 _
q =+ %—1,5—1 /
af
af of of
f=4qz %0 =% =4
. of oOf of
Want: g S e

Subhransu Maiji and TAs
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Backpropagation: a simple example

f(z,y,2) = (z +y)z
eg.x=-2,y=95,z=+4

_ 9 _ . 0q _
=21ty HF=Lg=1
of of
f=4qz %0 =% =4
. Of of of
Want: 9 By Bz
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Backpropagation: a simple example

fond=@en: | OO

eg.x=-2,y=95,z=-4

f -12
1
z -4
q=z+Yy %:1,@21 —
Ay
af
of of 0z
f=4qz %0 =% =4
. of oOf of
Want: g S e

Subhransu Maiji and TAs
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Backpropagation: a simple example

fond=@en: | OO

eg.x=-2,y=95,z=-4

f -12
1
z 4
qg=x+y %:1,@:1 ——
dy
of
of of 0z
f=4qz %0 =% =4
. Of Of Of
Want: g S e

Subhransu Maiji and TAs
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Backpropagation: a simple example

f(z,y,2) = (z +y)z
eg.x=-2,y=95,z=+4

q=z+y =13

Oz %:1

gF _ dF

=gz q %% —4
~ of of of
Want: 9 By Bz

Subhransu Maiji and TAs
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Backpropagation: a simple example

f(z,y,2) = (z +y)z
eg.x=-2,y=95,z=+4

q=z+y =13

Oz %:1

gF _ dF

=gz q %% —4
~ of of of
Want: 9 By Bz

Subhransu Maiji and TAs
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Backpropagation: a simple example

f(z,y,2) = (. +y)z
eg.x=-2,y=95,z=+4

_ 9 4 9q¢
q =+ %—1,5—1
_ aF . . Bff_ Chain rule: 9y
f=# % ~*u"1 9f _ of g
. of of 9f Oy — 9q oy
Want. am,ay,az g X

- \
Upstream Local

gradient gradient
Subhransu Maiji and TAs
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Backpropagation: a simple example

f(z,y,2) = (. +y)z
eg.x=-2,y=95,z=+4

_ 9 4 9q¢
q =+ %—1,5—1
_ aF . . Bff_ Chain rule: 9y
f=# % ~*u"1 9f _ of g
. of of 9f Oy — 9q oy
Want. am,ay,az g X

- \
Upstream Local

gradient gradient
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Backpropagation: a simple example

f(z,y,2) = (. +y)z
eg.x=-2,y=95,z=+4

— 9 _ , 9q¢ _
— oF __ 00 Chain rule: Oz
f_qz 3q_z’62 q if_a_f@
. Of of of dr  Oq Ox
Want: 9 By 02 :

v o\
Upstream Local
gradient gradient
Subhransu Maiji and TAs
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Backpropagation: a simple example

f(z,y,2) = (. +y)z
eg.x=-2,y=95,z=+4

— 9 _ , 9q¢ _
— oF __ 00 Chain rule: Oz
f_qz 3q_z’62 q if_a_f@
. Of of of dr  Oq Ox
Want: 9 By 02 :

v o\
Upstream Local
gradient gradient
Subhransu Maiji and TAs
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—h

.4
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“local gradient”

v
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“local gradient”

0z
ox f >
oz oL
%’ % E
“Upstream
gradient”
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@ “local gradient”
~> oy 0z

‘Downstream  ° f
gradients” 82 5
%’ % 2
“Upstream
gradient”
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“local gradient”
~> oy 0z

% [ o 5
‘Downstream  ° f
gradients 82 5
\ |9y 9z
M i
B %/ “Upstream
/ gradient”
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“local gradient”
~> oy 0z

‘Downstream  ° f

gradients” 82 5
PR “Upstream
= gradient”

Ainsu Maji and TAs
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1

1 + e—(w0z0+w1m1+w2)

Another example:  f(w,z) =

w0

x0
wil
w2
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1

1+ e —(wozo+wiz1+w)

Another example:  f(w,z) =

w0 2.00
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1

1+ e —(wozo+wiz1+w)

Another example:  f(w,z) =

w0 2.00
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1

1+ e —(wozo+wiz1+w)

Another example:  f(w,z) =

w0 2.00
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1
1 +e —(w0z0+w1m1+w2)

Another example:  f(w,z) =

w0 2.00

100 /ooy 00 /0N 037 oo |1Er g7y 073
U/ % \+_1/ \1@ 1.00

f(z) = = G | 1@=1 5 2
fo(z) =az g Z—i::a fe) =t — gzl
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1
1 +e —(w0z0+w1m1+w2)

Another example:  f(w,z) =

w0 2.00

Upstream Local
gradient  gradient

~ 4
(1.00)(;55) = ~0.53

100 A\ 100 2y 037 N |187 g 073
Rt \9 7|8 7

f(z) = = G | 1@=1 5 2
fo(z) =az g Z—i::a fe) =t — gzl
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1
1 +e —(w0z0+w1m1+w2)

Another example:  f(w,z) =

w0 2.00

1.00 @ -1.00 @ 0.37 @ 1.37 @ 0.73
T P 1N

-0.53 1.00

f(z) = = G | s@-1 5 2
fo(z) =az g Z—i::a fe) =t — gzl
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1
1 + e (wozo+wizy+wy)

Another example:  f(w,z) =

w0 2.00

Upstream Local
gradient  gradient
~ /
(—0.53)(1) = —0.53

N | 83 N 1@ a7y 073
@ -0.53 \Hj -0.53 b 1.00

Jiley=er s Sp=i—e f(z) :é — % =—1/z”
fo(2) =az . Z—£=a f(@g)=c+= - gzl
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1
1 +e —(w0z0+w1m1+w2)

Another example:  f(w,z) =

w0 2.00

1.00 43\ | -1.00 @ 037 |\ 13773 073
Nty \F/ e 053 \__/ 100

f(z) = = G| s0-1 5 2
fo(z) =az g Z—i::a fe) =t — gzl
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1
f(w’m) e 1 Ls e—(w0$0+w1$1+w2)

Another example:

w0 2.00

Upstream Local
gradient  gradient
~ /
(—0.53)(6_1) = —0.20

100 A\ ]100 2N 037 |73\ 137 /17)(\ 0.73
A_/ | -020 \9 -0.53 053 \J 1.00

f(z) = = G| s0-1 5 2
fo(z) =az g Z—i::a fe) =t — gzl
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1
1 + e (wozo+wizy+wy)

Another example:  f(w,z) =

w0 2.00

0.37 @ 137 /17)(\ 0.73
053 \__/ 053 (' 100

f(z) = = G | s@-1 5 2
fo(z) =az g Z—i::a fe) =t — gzl
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1
1 +e —(w0z0+w1m1+w2)

Another example:  f(w,z) =

w0 2.00

Upstream Local

<0 -1.00 gradient  gradient

~ /
(—0.20)(—1) = 0.20

w1 -3.00

1.00 477} -1.00 @ 037 /137 073
x1 -2.00 020 \_/ 020 [\ 053 \_/ 053 ' 100

Jlay=er s Sp=i—e f(z) :é — % =—1/z”
fo(2) =az . Z—£=a f(@g)=c+= - gzl
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1
1 + e (wozo+wizy+wy)

Another example:  f(w,z) =

w0 2.00

f(z) =€* Gia % =e® f(z) = é o % =—-1/z°
fo(z) =az g Z—ic:a fe) =t — %:1
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1
1 +e —(wo:c0+w1:c1+w2)

Another example:  f(w,z) =

w0 2.00

[upstream gradient] x [local gradient]
[0.2] x[1] = 0.2
[0.2] x [1] = 0.2 (both inputs!)

1.00f A7) . -1.00 @ 037 /7). 137 @ 0.73
020] \__/ 020 \0/ 053 \__/ 053 ' 100

flz)=e" s % — " Flx) = é — % = —1/:1:2
fo(z) = az g Z—ic:a fiz] —clu o %_1
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1
f(w’w) e 1 Ls e—(w0$0+w1$1+w2)

Another example:

w0 2.00
-2.00
x0 -1.00 0.20

w1 -3.00
10 /s -1.00 0.37 1.37 0.73
x1 -2.00 0.20 @ -0.20 @ -0.53 @ -0.53 @ 1.00
w2 -3.00
0.20
df 1 df
s i, WL —. i
d
fa(iB):a:B s d—iza fc(iL'):C-l-a? —
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Another example:

w0 2.00
-0.20

x(0 -1.00
0.40

-2.00
0.20

wl -3.00

w2 -3.00
0.20

Subhransu Maiji and TAs

6.00

f(w,a:) =

1

1 + e—(w0z0+w1m1+w2)

[upstream gradient] x [local gradient]
w0:[0.2] x [-1] =-0.2
x0:[0.2] x[2] = 0.4

1.00 (1\ -1.00 C\ 0.37 /—1\ 1.37 @ 0.73

020 \_J 020 X5\ os Y o

Some slides kindly provided by Fei-Fei Li, Jiajun Wu, Erik Learned-Miller
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Another example:

w( 2.00

x(0 -1.00

0.40

wl -3.00

x1l -2.00

w2 -3.00

0.20

Subhransu Maiji and TAs

1

f(w,z) = Computational graph
2 1 + e (wozo+wizy+wy) representation may not
be unique. Choose one
Sigmoid 1 where local gradients at
function glz)— —| each node can be easily
u L+=e expressed!
Sigmoid
1.00 (1\ 100 /2N 037 /—1\ 1.37 /1;\ 0.73
020 [\ 020 X5\ os Moo

Some slides kindly provided by Fei-Fei Li, Jiajun Wu, Erik Learned-Miller
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_ B 1 Computational graph
Another example: flw,z) = 1 + e (Wozotwiz+wy) representation may not

be unique. Choose one
where local gradients at

w0 2.00 : 1 |
Sigmoid eas
g L T L— each node can be ily

ion |o(2)= =
function 1+e™| expressed!

x(0 -1.00
0.40

wl -3.00 SlngId
1.00 (1\ -1.00 0.37 /—1\ 1.37 /1;\ 0.73
x1 -2.00 020 [\ 020 X5\ os Moo
w2 -3.00
0.20
Sigmoid local do(z)  e® = [(1+e " -1 1
oid . = —) = (1-0(@))o(a)
gradient: dx (1+e2) l1+e 1+e
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Another example:  f(w,z) - Computational graph

1 4+ e~ (wozotwizy +wy) representation may not
be unique. Choose one
w0 2.00 Sigmoid 1 where local gradients gt
function glz)— TP each node can be easily
0 100 T € expressed!
0.40
wl -3.00 SlngId

100 | /& D100 /N 037 /T8 137 0.73
0.20 Q 020 PS03 Qlj 055 T

xl -

w2 -3.00

020 [upstream gradient] x [local gradient]
[1.00] x [(1 - 1/(1+e 1)) (1/(1+e-1))] = 0.2

Sigmoid local do(z) e * = (l14+e " -1 1 = ({1,—&{z))olz)
gradient: dez (1+ e—x)2 o 11te® 1+e=/)

Subhransu Maiji and TAs
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Another example:  f(w,z) - Computational graph

1 4+ e~ (wozotwizy +wy) representation may not
be unique. Choose one
w0 2.00 Sigmoid 1 where local gradients gt
function glz)— TP each node can be easily
0 100 T € expressed!

0.40

wl -3.00

Sigmoid

1.00 (1\ -1.00 @ 0.37 /4-—1\ 1.37
020 | \ ) 020 P05\ 03

xl -

w2 -3.00

020 [upstream gradient] x [local gradient]
[1.00] x[(1-0.73) (0.73)] = 0.2

Sigmoid local do(z) e * = (l14+e " -1 1 = ({1,—&{z))olz)
gradient: dez (1+ e—x)2 o 11te® 1+e=/)

Subhransu Maiji and TAs
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Patterns in gradient flow

add gate: gradient distributor

3
2 N

Onm
4 2

2
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Patterns in gradient flow

add gate: gradient distributor mul gate: “swap multiplier”
3 2
2 \.@ 7 5*3=15 6
2 @ 5
4 2
2 2*5=10
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Patterns in gradient flow

add gate: gradient distributor mul gate: “swap multiplier”
3 2
2 \.@ 7 5*3=15 6
2 <::> 5
4 2
2 2*5=10

copy gate: gradient adder
7

>

7 /4
4+2=6’<::>\\\ 7
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Patterns in gradient flow

add gate: gradient distributor

3
2 N

PO
2

copy gate: gradient adder
7

7 /4
4+2=6’<::>\\\ 7

Subhransu Maiji and TAs
Some slides kindly provided by Fei-Fei Li, Jiajun Wu, Erik Learned-Miller

mul gate: “swap multiplier”

2
5%3=15 ™\

6
PO
2*5=10

max gate: gradient router
4
0 S 5
5 , 9
9
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def f(wd, x0, wl, x1, w2):
S0 = wd * x0

Backprop Implementation:
“Flat” code

s1 = wl % x1
s2
s3
L = sigmoid(s3)

Forward pass:
Compute output

s@ + sl
s2 + w2

w0 2.00

grad_L = 1.0
grad_s3 = grad_L * (1 - L) * L
grad_w2 = grad_s3

l.(:() @ 0.73 Backward pass: grad_s2 = grad_s3
0-20 L Compute grads grad_s@ = grad_s2
grad_sl = grad_s2

grad_wl = grad_sl x x1
grad_x1 = grad_sl x wl
grad_w@ = grad_s@ x x0
grad_x0 = grad_s@ x w0
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def f(wd, x0, wl, x1, w2):
S0 = wd * x0

Backprop Implementation:
“Flat” code

s1 = wl % x1
s2
s3
L = sigmoid(s3)

Forward pass:
Compute output

s@ + sl
s2 + w2

w0 2.00

Base case | grad L = 1.0
grad_s3 = grad_L * (1 - L) * L
grad_w2 = grad_s3

0.73 grad_s2 = grad_s3

1.00 grad_s@ = grad_s2

grad_sl = grad_s2

grad_wl = grad_sl x x1
grad_x1 = grad_sl x wl
grad_w@ = grad_s@ x x0
grad_x0 = grad_s@ x w0
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def f(wd, x0, wl, x1, w2):
SO = wd * x0
s1 = wl % x1
s2 = s0 + sl
s3 = s2 + w2
||L = sigmoid(s3)

Backprop Implementation:

Flat COde Forward pass:

Compute output

w0 2.00

grad L = 1.0
Sigmoid grad_s3 = grad_L * (1 - L) * L
grad_w2 = grad_s3
1.00 G\ 0.73 grad_s2 = grad_s3
020 \__/ 100 grad_s@ = grad_s2

grad_sl = grad_s2

grad_wl = grad_sl x x1
grad_x1 = grad_sl x wl
grad_w@ = grad_s@ x x0
grad_x0 = grad_s@ x w0
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def f(wd, x0, wl, x1, w2):
S0 = wd * x0

Backprop Implementation:
“Flat” code

s1 = wl % x1
s2
s3
L = sigmoid(s3)

Forward pass:
Compute output

s@ + sl

s2 + w2

w0 2.00

grad_L = 1.0
rad L * (1 - L) x L

4.00

030 rad s3

Add gate grad_w2 = grad_s3
10X G\ 0.73 grad_s2 = grad_s3
020l N2/ 100 grad_s@ = grad_s2

grad_sl = grad_s2

w2|-3.00 grad_wl = grad_sl *x x1

grad_x1 = grad_sl x wl
grad_w@ = grad_s@ x x0
grad_x0 = grad_s@ x w0
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def f(wd, x0, wl, x1, w2):
SO = wd * x0
s1 = wl % x1
s2

s3
w( 2.00

x0 -1.00 grad_L = 1.0

0.40

Backprop Implementation:
“Flat” code

Forward pass:
Compute output

s@ + sl

s2 + w2

grad_s3 = grad_L * (1 - L) * L
wl -3.00

— grad_w2 = grad_s3
x1 -2.00 020 \__/ 100 rad_s@ = grad_s2
-0.60 Add gate grac grac-
grad_sl = grad_s2
Wz;ﬁ? grad_wl = grad_s1l * x1

grad_x1 = grad_sl x wl
grad_w@ = grad_s@ x x0
grad_x0 = grad_s@ x w0
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def f(wd, x0, wl, x1, w2):
SO = wd * x0
s1 = wl % x1
s2
s3
L = sigmoid(s3)

Backprop Implementation:
“Flat” code

Forward pass:
Compute output

s@ + sl
s2 + w2

w0 2.00

x(0 -1.00
0.40

grad_L = 1.0
grad_s3 = grad_L * (1 - L) * L

WI:;ﬁi grad_w2 = grad_s3
| X: ) gg: 00 /;;\ 073 grad_s2 = grad_s3
x1 (2)23 020 \__/ 100 grad_s® = grad_s2
/ grad sl = grad s2
w2 -3.00
: rad_wl = grad_sl *x x1
0.20 Multiply gate grac grac
grad_x1 = grad_sl x wl

grad_w@ = grad_s@ x x0
grad_x0 = grad_s@ x w0
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def f(wd, x0, wl, x1, w2):
[s0 = wo * x0|
s1 = wl % x1
s2

s3
w( 2.00

-0.20 oo L = sigmoid(s3)
o 1o 020
— grad_L = 1.0

0.40

Backprop Implementation:
“Flat” code

Forward pass:
Compute output

s@ + sl
s2 + w2

grad_s3 = grad_L * (1 - L) * L
grad_w2 = grad_s3

1.00 /&\ 0.73 grad_s2 = grad_s3

020 \__/ 100 grad_s@ = grad_s2
grad_sl = grad_s2

6.00

x1 -2.00

grad_wl = grad_sl x x1
grad_x1 = grad_sl x wl

grad_w@ = grad_s@ x x0

Multiply gate grad_x@ = grad_s0 * w0
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“Flat” Backprop: Do this for assignment 1!

Stage your forward/backward computation!
E.g. for the SVM:

# receive W (weights), X (da

# forward pass (we hav 1in€s)

\TK: Wz| [Li = 2,., max(0,s; — sy, + 1)
- .
scores = #... . (;\ s (scores) (e

/ | s ) » / + \.\] - L
i ~ ‘\\ // \\_ // A
margins = #... P S
data loss = #... w y \‘\‘
{ R |
reg loss = #... o

R(W)

loss = data loss + reg loss

# backward pass (we have 5 lines)
dmargins = # ... (optionally, we go direct to dscores)
dscores = #...

dw = #...

Subhransu Maji and TAs _
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“Flat” Backprop: Do this for assignment 1!

E.g. for two-layer neural net:

# receive W1,W2,bl,b2 (weights/biases), X (data)

# forward pass:

hl = #... function of X,W1,bl

scores = #... function of hl,W2,b2

loss = #... (several lines of code to evaluate Softmax loss)
# backward pass:

dscores = #...

dhl,dw2,db2 = #...

dwl,dbl = #...
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Some slides kindly provided by Fei-Fei Li, Jiajun Wu, Erik Learned-Miller LeCture 6 66 Feb 1 7’ 2026




Backprop Implementation: Modularized API

Graph (or Net) object (rough pseudo code)

class ComputationalGraph(object):
#...

w0 2.00
-0.20

def forward(inputs):

# 1. [pass inputs to input gates...]

x0 -1.00

# 2. forward the computational graph:
wl -3, for gate in self.graph.nodes topologically sorted():
gate.forward()
e return loss # the final gate in the graph outputs the loss
def backward():
for gate in reversed(self.graph.nodes topologically sorted()):
gate.backward() # little piece of backprop (chain rule applied)

return inputs _gradients

Subhransu Maiji and TAs
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Modularized implementation: forward / backward API
Gate / Node / Function object: Actual PyTorch code

<
Joo

(x,y,z are scalars)

class Multiply(torch.autograd.Function):
@staticmethod
def forward(ctx, X, y):

ctx.save_for_backward(x, y) <
Z=Xx%Yy
return z

@staticmethod

Need to cash some
values for use in
backward

Upstream

def backward(ctx, grad_z): <
y = ctx.saved_tensors

grad_x # dz/dx x dL/dz
# dz/dy x dL/dz

X,

y * grad_z

grad_y = X * grad_z

return grad_x, grad_y

Subhransu Maiji and TAs
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Example: PyTorch operators

pytorch / pytorch @ Wateh > 1,321 W Unstar 26770 Vrak 6,340 = SpataiClassNLLCritericn.c hides in PyTorch,
SpatiaConvolaronhi.c Canonicatze all chides In PyTorch, (#14849)
¢ Code 23ues 2,206 Pull recussts 561 Projects 4 Wik Insights Somtiatcilat volution. hodes in PyTorch, (¥14849)
. = SpatailatedMaociing Cananicatza all hehides In PyTorch, (#14549)
Ires: 31/c7c8861 ~  pytorch | aten / src | THNN [ generic | Uplowd files  Find file | History

alMaxPouling.c Canonicaiize sll nchides

n Pylorch. (#14649)

azyang and facabook-githus-bat Canariesliz sllin

* commit $17¢7¢3 an Dec &, 2013 = SpataFulDiatadConvalation.c Cananicatze all ehides In PyTorch, (#14849)

Z SpatiahiaxUng: 5.C Canonicsize all ncldes in PyTorch. (11484

SpataRafections

ding.c Cananicaize all nchides in Pylorch. (#14549)

AbsCriterion.c Canonicalize all inchiges in PyTorch, (f s aga

orths ago -

= SpatiaReplicationPadairg.c Canonicatze all InPy

#14549)

Canonicalize all inchudes in PyTorch. (146

& months aga

cakze all

SpatalpSampingilinearc Pylorch, (#13849)

Canonicalize all inchudes in Pylorch,

arths aga

= SpatialipSampingNearast.c 70 all ehides In PyTorch, (#14549)

&) Colzim.c Canonizalize al inchudas in PyTorch, (#14548) & manths aga
b csize all rchides in PyTorch. (#14849)
s ELUC Canonlgaliza all Inchudes In PyTorch, (#14848) 4 marths HRE size all nchides in PyTorch. (#1484

" - = Tanhe Cananicalze all lides In PyTorch. (#14849)

=| FeatureLPPooing.c Canonicalize all Inchuges In PyTorch, & months a
) . TemocralReflectonPadeing.c Canonicsize all hichdes In PyTorch. (114849)

£ GateainearUnit.c -anonicalize all Inchces in PyTorch, & months
em Gananicakze all nchdes in Pylorch, [£14149)

[ HaraTann, Canonicalize all incluces in PyTorch.,

= Tomooralfow Canonicatze all Klides In PyTorch, (#14849)
Im2Col.c Canonicalize all inchiges aech. & manths ago
emozealUpSarelngLinesr.c anonicsize sl nchades in Pylorch, (#14649)
IrdexLirear.c Canonicalize all inchies maBag)
= Ipsaralngh Cananicatza all hehdes In PyTorch. (#14849)
) LeakyRalLic 10 n Pylarch. sag)
T volumerricAdsgtveAveragePooln..  Canonicsize all 7 PyToreh, (114849
=) LogSigmeid.c Canonicaliza all inchudas in PyTorch, (#14848)
= ValumetricAdsptveMaxPoolirgs  Cananicaize all nchides in PyTorch, (#14849] 4 morths aga
=) MSECritarion.c Canonicalize all Inchades In PyTorch, =
= VolmerricaveragePooling ¢ canze all InPy 4
= MultLatelMarghCritarion.c Canonicalize all Inchges In PyTorch, am
ValumetricComolutionhi.c cabze all Pylorch. (14149) am
AItMarginCriterion Canonicalize all yTorc 4 moriths ago
MuttMarginCrierion.c Canencalize alin n PyTorch. et = ValmerrkalatadCorvelution.c 70 all In Py (#14549) 4m
RReLU.c Canonicalize all o ap

Volumetric cabze 3l

tedMaxPoolng.c

hades in Pylorch, (#1464 am

14848) 4 manths aga

= ValmetrksractionaliaPooing.s  Canankakza all hehides in PyTorch. (#14549) am
Critarion.c #14849) = VolumetricF nvolution.c  Canonicaize all iehides In PyTorch. (714849 4 monhs ago
2| SoftMarginCritarion.c n Pylorch. (#1484%) o0 ValumetricMaxUnpocling ¢ Can hades in PyToch. (#14649)

a) SoftPius.c n PyTorch. = VolmerrkasplicationPaddng.c canon NChoes In PyTorch, (#14549)
=) sottshrhk.c Canonicallze all Inchces In PyTorch. VolumetricupSampinghesrest Cananicaize all nchides in Pylorch, (114149)
SparseLinearc Canonicalize all Inchdes in PyTorch. = VolmerrkcpSamaingTriinesce  Cananicaize all hehides In PyTorch, (214849)

Canonicalize all incluges in PyTorch. (|

Z linear_upsamoling.h erpolate based on upsample. (¥8581;

arations

Canonicalize all & paoling_snhape.n s7e of pacling o

hades o

E unfoldc (#1484

Canonicalize all inchiges 4Ba8)
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#ifndef TH_GENERIC_FILE

#define TH_GENERIC_FILE "THNN/generic/Sigmoid.c" PyTO rCh Singid Iayer

#else

void THNN_(Sigmoid_updateOutput) (
THNNState *state, Forward
THTensor *input, ].
THTensor xoutput)

THTensor_(sigmoid) (output, input);
}

void THNN_(Sigmoid_updateGradInput) (
THNNState *state,
THTensor xgradOutput,
THTensor *xgradInput,
THTensor xoutput)

THNN_CHECK_NELEMENT (output, gradOutput);

THTensor_(resizeAs)(gradInput, output);

TH_TENSOR_APPLY3(scalar_t, gradInput, scalar_t, gradOutput, scalar_t, output,
scalar_t z = xoutput_data;
*gradInput_data = *gradOutput_data * (1. - z) * z;

);

#endif Source
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https://github.com/pytorch/pytorch/blob/517c7c98610402e2746586c78987c64c28e024aa/aten/src/THNN/generic/Sigmoid.c

#ifndef TH_GENERIC_FILE

#define TH_GENERIC_FILE "THNN/generic/Sigmoid.c" PyTO rCh Singid Iayer

#else
static void sigmoid_kernel(TensorIterator& iter) {
void THNN_(Sigmoid_updateOQutput) ( Forward AT_DISPATCH_FLOATING_TYPES(iter.dtype(), "sigmoid_cpu", [&I() {
THNNState *state, ”"ari;’;‘:mﬂ-vec‘
THTensor *input, 1 [=](;ca1ar_t a) -> scalar_t {|return (1/ (1 + std::exp((—a))));l}.
THTensor *output) - o_(m) _ [=](Vec256<scalar_t> a) {
{ | — 1 + e_x a = Vec256<scalar_t>((scalar_t)(0)) - a;
THTensor_(sigmoid) (output, input); a = a.exp();
a = Vec256<scalar_t>((scalar_t)(1)) + a;
} a = a.reciprocal();
void THNN_(Sigmoid_updateGradInput) ( });return : Forward aCtua”y
THWNState xstate, D defined elsewhere...
THTensor *gradOutput, }
THTensor *xgradInput,
THTensor sxoutput) return (1 / (1 + Std: :exp((_a)) ));
{
THNN_CHECK_NELEMENT (output, gradOutput);
THTensor_(resizeAs)(gradInput, output);
TH_TENSOR_APPLY3(scalar_t, gradInput, scalar_t, gradOutput, scalar_t, output,
scalar_t z = xoutput_data;
*gradInput_data = *gradOutput_data * (1. - z) * z;
);
¥
#endif M
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https://github.com/pytorch/pytorch/blob/517c7c98610402e2746586c78987c64c28e024aa/aten/src/THNN/generic/Sigmoid.c
https://github.com/pytorch/pytorch/blob/82b570528db0a43fc04bb90f5d4538c01e4a5582/aten/src/ATen/native/cpu/UnaryOpsKernel.cpp

#ifndef TH_GENERIC_FILE

#define TH_GENERIC_FILE "THNN/generic/Sigmoid.c" PyTO rCh Singid Iayer

#else
static void sigmoid_kernel(TensorIterator& iter) {
void THNN_(Sigmoid_updateOutput) ( Forward AT_DISPATCH_FLOATING_TYPES(iter.dtype(), "sigmoid_cpu", [&]() {
THNNState xstate, ”nar’_';kemel-vec‘
. iter,
THTensor *input, 1 [=](scalar_t a) -> scalar_t { return (1 / (1 + std::exp((-a)))); },
THTensor *output) 4—0.(m) S [=](Vec256<scalar_t> a) {
{ | - 1 + e_x a = Vec256<scalar_t>((scalar_t)(0)) - a;
THTensor_(sigmoid) (output, input); a = a.exp();
} a = Vec256<scalar_t>((scalar_t)(1)) + a;
a = a.reciprocal();
return a;
void THNN_(Sigmoid_updateGradInput) ( 3 Forward aCtua”y
THNNState *state ; 1
' n; defined elsewhere...
THTensor *gradOutput, }
THTensor *xgradInput,
THTensor xoutput)
{
THNN_CHECK_NELEMENT (output, gradOutput);
THTensor_(resizeAs)(gradInput, output); Backward
TH_TENSOR_APPLY3(scalar_t, gradInput, scalar_t, gradOutput, scalar_t, output,
scalar_t z = xoutput_data;
*gradInput_data = *gradOutput_data * (1. - z) * z; ( ( )) ( )
——— —
. 1—o0o(x))o(x
H
#endif Source
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https://github.com/pytorch/pytorch/blob/517c7c98610402e2746586c78987c64c28e024aa/aten/src/THNN/generic/Sigmoid.c
https://github.com/pytorch/pytorch/blob/82b570528db0a43fc04bb90f5d4538c01e4a5582/aten/src/ATen/native/cpu/UnaryOpsKernel.cpp

So far: backprop with scalars

What about vector-valued functions?

Subhransu Maiji and TAs
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Recap: Vector derivatives

Scalar to Scalar
reRyelR

Regular derivative:

dy
— c R
8x€

If x changes by a
small amount, how
much will y change?

Subhransu Maji and TAs Lecture 6 - 74 Feb 17, 2026

Some slides kindly provided by Fei-Fei Li, Jiajun Wu, Erik Learned-Miller



Recap: Vector derivatives

Scalar to Scalar Vector to Scalar

reR,yeR reRY yeR
Regular derivative: Derivative is Gradient:
(9y 8y N dy Oy
R cR <—) =5
ax S 833 or /) ().IT‘,I
If x changes by a For each element of x,
small amount, how if it changes by a small

much will y change? amount then how much
will y change?
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Recap: Vector derivatives

Vector to Scalar
reRY yeR

Derivative is Gradient:

Scalar to Scalar
reRyelR

Regular derivative:

0 0 dy dy
7y cR 79 c RY <0—1) =~

oz ox

For each element of x,
if it changes by a small
amount then how much
will y change?

If x changes by a
small amount, how
much will y change?

Lecture 6 - 76

Vector to Vector
zeRYN yeRM

Derivative is Jacobian:

0(/ Nx M @ _ aym
()Jj < " - Oac n,m am“

For each element of x, if it
changes by a small amount
then how much will each
element of y change?

Feb 17, 2026

Subhransu Maiji and TAs
Some slides kindly provided by Fei-Fei Li, Jiajun Wu, Erik Learned-Miller



Backprop with Vectors

T Loss L still a scalar!
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Backprop with Vectors

D T Loss L still a scalar!

X \A

Z| D

Z
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Backprop with Vectors

D T Loss L still a scalar!

X \A

Z| D

/' | @
D, |Y 0z

“Upstream gradient”

Z
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Backprop with Vectors

D T Loss L still a scalar!

X \A

Z| D

Z

’ | oL

“Upstream gradient”

For each element of z, how
much does it influence L?
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Backprop with Vectors

Loss L still a scalar!

“local

D, LI}
\ gradientS”
e,
\ \ZQL Z Dz
“Downstream v 0z f
gradients” N >
L
/ oL D
Dy y 44 BZ y4
— “Upstream gradient”
Y For each element of z, how
much does it influence L?
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Backprop with Vectors

Loss L still a scalar!

Dx L “local
\ gradients”
§ iz o7 [Dx X Dz] Z| D
o S ox ‘
“Downstream (92 f
gradients” N &
Dy Y - 37 9L Jacobian 0z z
— matrices “Upstream gradient”
Y For each element of z, how
much does it influence L?
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Backprop with Vectors

Loss L still a scalar!

Dx £ “local
\ gradients”
D, < 9 57 D, x D] 21D,
“Downstream Matri < f
. ., atrix-vector P)
gradients multiply i oz
Dy Y 44 Jacobian 0z z
— matrices “Upstream gradient”
D Y For each element of z, how
y much does it influence L?
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Gradients of variables wrt loss have same dims as the original variable

D T Loss L still a scalar!
X \

D

Z| D

Z

’ oL

y
“Upstream gradient”
D) For each element of z, how
y much does it influence L?
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Backprop with Vectors

4D input x: 4D output z:
1] . — [ 1]
g 1 fx) = max(0x)  — | g ;

C 1 | (elementwise) 0
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Backprop with Vectors

4D input x:

[ 1]
(-2 ]
L

[ 1]

Subhransu Maiji and TAs

f(x) = max(0,x)
(elementwise)

4D output z:

4D dL/d

[ 1]

o wo

[ 4]
[ -1
5

[ 9]

Z.

Upstream
gradient
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Backprop with Vectors

4D input x:

[ 1]
(-2 ]
L

[ 1]

Subhransu Maiji and TAs

_

f(x) = max(0,x)
(elementwise)

Jacobian dz/dx
(1000]
(0000]
(0010]
(000O0]

4D output z:

4D dL/d

[ 1]

o wo

[ 4]
[ -1
5

[ 9]

Z.

Upstream
gradient
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Backprop with Vectors

4D input x:

[ 1]
(-2 ]
L

[ 1]

Subhransu Maiji and TAs

f(x) = max(0,x)

(elementwise)
dz/dx] [dL/dz]
(1000][4 ]
(0000][-1]
(0010][5 ]
00007[9

4D output z:

4D dL/d

[ 1]

o wo

[ 4]
[ -1
5

[ 9]

Z.

Upstream
gradient
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Backprop with Vectors

4D input x:

1

3

(-2 ]

[ 1]

4D dL/dx:

Subhransu Maiji and TAs

OO O H~

f(x) = max(0,x)

(elementwise)
dz/dx] [dL/dz]
(1000][4 ]
(0000][-1]
(0010][5 ]
00007[9

4D output z:

4D dL/d

[ 1]

o wo

[ 4]
[ -1
5

[ 9]

Z.

Upstream
gradient
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Backprop with Vectors

4D input x:

(1] ——

(-2 | ——
Jacobian is sparse: 3]
off-diagonal entries - : "
always zero! Never I '1_ -
explicitly form
Jacobian -- instead
use implicit 4D dL/dx:
multiplication 4

(0] ——

(9] ——

0] ———

Subhransu Maiji and TAs

f(x) = max(0,x)

(elementwise)
dz/dx] [dL/dz]
(1000][4 ]
0000][-1]
(0010][5 ]
00007[9

4D output z:

4D dL/d

[ 1]

o wo

[ 4]
[ -1
5

[ 9]

Z.

Upstream
gradient
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Backprop with Vectors

Jacobian is sparse:

off-diagonal entries
always zero! Never
explicitly form
Jacobian -- instead
use implicit
multiplication

4D input x:

4D dL/

Subhransu Maiji and TAs

U100 S~

1

(-2 ]

3

[ 1]

dx:

- (or
— \ Oz

f(x) = max(0,x)
(elementwise)

)

[dz/dx] [dL/dz]

{(%é)i

0

4D output z:

_

otherwise —

[ 1]

4D

o wo

[ 4]
[ -1
5

dL/d

[ 9]

Z.

Upstream
gradient
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Backprop with Matrices (or Tensors)

ID.xM.] | X

Loss L still a scalar!

dL/dx always has the
same shape as x!

Z| [D,xM,]

f

Jacobian
matrices

Matrix-vector
multiply v

DM [g—

Subhransu Maiji and TAs

Lecture 6 -
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Backprop with Matrices (or Tensors) Loss L still a scalar!

dL/dx always has the

[Dxx Mx] m\ same Shape as x!
X X < ;ko”\L Z [szMz]
) X 0, R
Down_strea},m Matrix-vector f
gradients multiply . oL
[DyxMy] y% E [DZxMz]

" 0 Jacobian
0202 |
§ y 0% matrices “Upstream gradient”
[DyxMy] For each element of z, how

much does it influence L?
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Backprop with Matrices (or Tensors) Loss L still a scalar!

dL/dx always has the
DM [Z ‘local same shapscla as x!
\ gradients”
x Vi =~ a@& s z| [D,xM]
) t d; R
Down_strea},m Matrix-vector
gradients multiply . oL
DM [G—— 9L DM,

« 0 Jacobian
0= 02 .
= Qy 0% matrices “Upstream gradient”
[DyxMy] l For each element of z, how
For each element of y, how much ’

does it influence each element of z? Much does it influence L?
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Backprop with Matrices (or Tensors) Loss L still a scalar!

dL/dx always has the

DM [ local same shape as x!
\ gradients’
X .

[D,xM;,] : % 9y [(D,xM,)x(D,xM,)] Z| [D,xM,]
“Downst o 9z ;

ownstream .

gradients” e [(D, XM, )x(D,xM,)] =

D xM / T [szMz]
Dy M,] 1Y L Jacobian 0z

matrices “Upstream gradient”

. 0z 02
— /U 7
D XM !
[ y y] For each element of y, how much For each element of z, how

does it influence each element of z? Much does it influence L?
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Backprop with Matrices

y: [NxM]
[-1 -1 2 6]
[X21 ['\i"D?!] Matrix Multiply [5 211 7]
[-3 4 2] Yn,m = anadwdam dL/dy: [NxM]
w: [DxM]  — : [ 2 3-3 9]
[ 3 2 1-1] [-8 1 4 0]
[ 2 1 3 2]
[ 3 2 1-2]
Also see derivation in the course notes:
http://cs231n.stanford.edu/handouts/linear-backprop.pdf
Subhransu Maji and TAs
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http://cs231n.stanford.edu/handouts/linear-backprop.pdf

Backprop with Matrices

y: [NxM]
[-1 -1 2 6]
[X21 [l\i"D?!] Matrix Multiply [5 211 7]
[-3 4 2] Ynm = D Tn,atldm dL/dy: [NxM]
w: [DxM]  — : [ 2 3-3 9]
[ 32 1-1] Jacobians: [-8146]
[ 213 2] dy/dx: [(NxD)x(NxM)]
[ 3 2 1-2] dy/dw: [(DxM)x(NxM)]
For a neural net we may have
N=64, D=M=4096
Each Jacobian takes ~256 GB of
memory! Must work with them implicitly!
Subhransu Maji and TAs
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Backprop with Matrices

y: [NxM]
(<1 12 6]
[X21 [N"Dg] Matrix Multiply —— [52 11 7]
[-3 2 ] Yn,m = Zx”’dwd’m dL/dy: [NxM]
w: [DxM] — ¢ [ 2 3-3 9]
[ 32 1-1] Q: What parts of y [-8 14 6]
[2 13 2] are affected by one
[ 3 2 1-2] element of x?
Subhransu Maji and TAs
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Backprop with Matrices y: [NxM]

[ -1 2 6|
[X21 [N"Dg] Matrix Multiply —— [52 11 7]
[-3 2] Yn.m = Zx”’dwd’m dL/dy: [NxM]
w: [DxM]  — : [[2 3-3 9[]
[3 2 1-1] Q: What parts of y [-8 14 6]
[2 13 2] are affected by one
[ 3 2 1-2] element of x?

A:[r,, ;] affects the
whole row y,, .

aL OL ayn ,m

Ox n.d " 0 Yn,m Ox n.,d

Subhransu Maji and TAs Lecture 6 - 99 Feb 17, 2026

Some slides kindly provided by Fei-Fei Li, Jiajun Wu, Erik Learned-Miller



- : : [NxM

Backprop with Matrices [_1y _[1 . ]a]

[x2: [NXD?!] Matrix Multiply — [92211 7]

[-3 2] Yn.m = Zx”’dwd’m dL/dy: [NxM]

W: [DxM] / d [ 2 3-3 9]

[ 32 1-1] Q: Whatpartsofy Q- Howmuch [8 T4 6]

[ 2 1 3 2] are affected by one  does [T, 4

[ 3 2 1 -2] element of x? affect| Yn,m|?

A:[r,, ;] affects the
whole row y,, .

oL OL 33!71, ,m

037 n.d " 0 Yn.m 037 n.d
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- : : [NxM

Backprop with Matrices [_1y _[1 . ]a]

[x2: [NXD?!] Matrix Multiply — [92211 7]

[-3 2] Yn.m = Zx”’dwd’m dL/dy: [NxM]

W: [DxM] / d [ 2 3-3 9]

[ 32 1-1] Q: Whatpartsofy Q- Howmuch [8 T4 6]

[ 2 1[3] 2] are affected by one  does [T, 4

[ 3 2 1 -2] element of x? affect| Yn,m|?

A:[r,, ;] affects the A:lw, .,
whole row ,, - |

oL 0 n,m
— Z P J Z ayn - Wd,m

ox.
Yn.m n.d m

037,1 d
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: : : [INxM
Backprop with Matrices [_1y _[1 . ]a]

[x2: [NXD?!] Matrix Multiply — [92211 7]
[-3 2] Yn.m = Zx”’dwd’m dL/dy: [NxM]
W- [DxM] /’ d [ 2 3-3 9]
3 2 1-1] Q: Whatpartsofy Q- Howmuch [8 T4 6]
: 2 1[3] 2] are affected by one  does [T, 4

3 2 '2] element of x? affect| Yn,m|?

_ A:[r,, ;] affects the A:lw, .,
[NxD] [NxM] [MxD]  whole row y,, . |

oL B 0L T o OL ayn m
O_CC - <%> v 037,1 d Z Oyn m (?LU,I d Z ayn m Hdm

m
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Backprop with Matrices y: [NxM]
Prop [-1 -1T2] 6]
[X21 [N"Dg] Matrix Multiply [5 211 7]
[-3 2] Yn,m = Zx”’dwd’m dL/dy: [NxM]
w: [DxM]  — : [[2 3-3 9[]
[ 3 2 1-1] [-8 1 4 6]
L2 1[3]2] By similar logic:
[ 32 1-2] y gic.
[INxD] [NxM] [MxD] DxM] [DxN] [NxM] These formulas are
: ' easy to remember: they
OL _ (OL\ oL (0L are the only way to
p— w _ :L’ -
Ox oy Ow oy make shapes match up!

Subhransu Maiji and TAs
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Summary for today:

e Fully-connected neural networks are stacks of linear functions and nonlinear
activation functions; they have much more representational power than linear
classifiers

e backpropagation = recursive application of the chain rule along a computational
graph to compute the gradients of all inputs/parameters/intermediates

e implementations maintain a graph structure, where the nodes implement the
forward() / backward() API

e forward: compute result of an operation and save any intermediates needed for
gradient computation in memory

e backward: apply the chain rule to compute the gradient of the loss function with
respect to the inputs
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